We give a path integral prescription for the pair correlation function of Wilson loop observables on the worldvolume of a Dbrane in the bosonic string theory in flat spacetime. We determine the coefficient of the 1/R term in the static heavy quark potential from the static pair correlation function of Wilson lines at small spatial separation in the critical string theory. We verify that the pair correlation function of short loops at fixed time and large spatial separation has the expected Coulombic form for the D-instanton potential.
Introduction
It is an old idea due to Wilson [1] that the expectation value of the loop observable in QCD has an effective description at low energies as a sum over random surfaces with fixed boundary, C, of an appropriate two-dimensional field theory:
where C is the world-line of a heavy quark-antiquark pair, < · · · > denotes the averaging over gauge field configurations, and the quarks are treated as semi-classical objects [1, 2] . Z string [C] denotes the sum over world-sheets terminating on a fixed curve C in spacetime of some string theory: an off-shell string amplitude with a macroscopic hole in the world-sheet. In the gauge theory, < W (C) >≃e −S eff. [C] , is characterized by an area law for large loopswidely separated, quark-antiquark world-lines, with crossover to a perimeter law for long, closely separated, world-lines [1] . This behavior is characteristic of a large class of classical string theories [1, 3, 4] . Dbranes [5] in flat spacetime provide a concrete framework within which the ansatz can be tested at the quantum level directly in String/M theory. The gauge theory loops are taken to lie in the p+1 dimensional worldvolume of a Dpbrane-a hypersurface in a higher dimensional spacetime, on which open string endpoints terminate. In the nonabelian case, each loop lives in an N index ChanPaton state of an open and closed string theory, where the index labels the worldvolumes of N coincident Dpbranes.
In this paper, we will give a path integral prescription for the pair correlation function of macroscopic loop observables, M(C i ), M(C f ), in bosonic string theory, following [6, 7, 8, 9] :
Vol(Dif f) e −S[X,g ab ;χ,µ 0 ,λ
a diffeomorphism invariant sum over world-sheets of cylindrical topology terminating on fixed boundary curves, C i , C f , which are taken to lie in the worldvolume of a Dbrane in flat spacetime. S[X, g ab ] is the Polyakov action, with appropriate bulk and boundary terms as necessary to preserve diffeomorphism invariance. We will compute this amplitude at the lowest order in bosonic string perturbation theory, In the critical spacetime dimension, and for boundary conditions that preserve Weyl invariance, the path integral gives a covariant prescription for the off-shell propagator in the critical closed string theory [9] . Explicit results were obtained for pointlike boundary states in [9] , but an implementation of boundary reparameterization for finite sized loops has been lacking thus far. We will give an ansatz for the sum over boundary reparameterizations in Eq. (2) , deriving an expression for the pair correlation function of loops, C i , C f , of perimeter length, L i , L f , and with constant separation, R. Later, we will specialize to the case when L i , L f >> R, extracting the static limit of an effective loop potential at small separations in critical string theory. We begin in section 2 with a discussion of our prescription for boundary reparameterization invariance. A boundary state is specified by an embedding and an einbein. For fixed embedding, we give a boundary diffeomorphism invariant prescription for the measure in the path integral, summing over reparameterizations of the boundary. The gauge fixed path integral is derived in detail in sections 2.1-2.3. We treat the measure in the path integral, and the quantization of Liouville theory, following [8, 10] . The extension to the pair correlation function for slow-moving loops in relative motion is given in section 2.4. In section 3, we test our ansatz by verifying that we can recover from our expression for the pair correlation function in the critical string theory, some known and robust properties of the static heavy quark potential for Wilson lines [2, 12, 15] . We specialize to the case, L i ≃L f ≡T , T >>R, and consider nonrelativistic straight line trajectories, r 2 =R 2 +v 2 τ 2 , v<<1, as in [17, 24] , where τ is the zero mode of the Euclideanized time coordinate, X 0 . Thus, we define the Minkowskian potential:
and take the long string limit,
T R
→∞. We find that the pair potential of long strings in critical string theory has a nonvanishing static remnant at small separations that takes the scale invariant form:
where d eff. =c m +c φ . The potential is attractive, and can be compared with the result of [12] . The numerical coefficient does not match. Notice that the coefficient of the 1/R potential has been extracted directly from a oneloop string amplitude and is free from any renormalization or regularization scheme dependence. We suppress the leading divergence from the open string tachyon, and compute directly the potential due to the exchange of massless open string modes. This is in contrast to the usual calculation of a Luscher term in string theories [14, 29] , where the corrections to the tree-level mass of the lowest lying tachyonic state of the nonsupersymmetric string theory are obtained by inclusion of quadratic fluctuations in the massless modes as computed in an effective field theory. The universal behavior in all of these field theories is that of d eff. −2 Gaussian models [12] . Reproducing qualitatively the known behavior of the static heavy quark potential from critical string theory is an important first test of Wilson's ansatz. The Polyakov model differs in an essential way from the NambuGoto and Eguchi-Schild models, in that the world-sheet metric, and its gauge remnant-the Liouville mode, φ, is treated as an independent dynamical variable on the world-sheet [6, 21, 22, 13, 7] . Note that while the loops live in a p+1 dimensional gauge theory, the worldsheets of cylindrical topology spanning the fixed boundary curves fluctuate in all c m +c φ effective dimensions of the string theory. In the critical string theory, there are 24 transversely polarized gluon modes living in the worldvolume of the space-filling D25brane. For a Dpbrane with p<25, p−1 of the massless modes are gluonic. The remaining 25−p modes contributing to the short distance potential are massless scalars living in the space orthogonal to the worldvolume of the Dpbrane.
Our result differs from previous analyses of the static potential in the Polyakov string [7, 13, 16] . It should be noted that the integration over boundary diffeomorphisms in Eq. (2) was an essential step in obtaining the inverse power law behavior in Eq. (4). The 1/R term we have found in the pair potential appears robust for a large class of conformally invariant string theories based on the Polyakov action, including those with world-sheet fermionic degrees of freedom. In particular, in a fermionic string theory which is tachyon free, but non-supersymmetric, the 1/R term will be nonvanishing. This needs further investigation.
Macroscopic Loop Correlation Function
We now present the derivation of the closed string amplitude linking fixed curves, C i , C f , of length L i , L f , in an embedding spacetime with metric γ ab =∂ a X µ ∂ b X µ , and spatial separation R. We begin with the discussion in [7] of the appropriate boundary conditions on the world-sheet fields. We then adapt this treatment to the conformally invariant framework of the critical bosonic string as in [8] . For completeness, unlike the treatment in [9, 20] , we include the dynamics of the Liouville mode although we will specialize to the case c m =25, c φ =1: effectively, 26 free scalars with possible renormalized bulk, and boundary, cosmological constant terms but vanishing background charge for the Liouville mode. Thus, the theory we are considering lies at the upper edge of the problematic regime 1< c m <25 [10] . For special choices of the embedding metric on the fixed spacetime curves, the Liouville dynamics may entirely decouple and the critical dimension reverts to c m =26.
Boundary Reparameterization Invariance
The tree correlation function of macroscopic loops is expressed as a path integral over embeddings and metrics for world-sheets of cylindrical topology, terminating on fixed spacetime curves
where the bare action on the right-hand-side is the Polyakov term plus any local, renormalizable, terms necessary to ensure diffeomorphism invariance of the amplitude:
where λ is the string coupling, e λ =g closed =g 2 open . The factor in square brackets is the Euler characteristic, χ, a topological invariant whose coefficient, the string coupling, is unrenormalized by world-sheet fluctuations. For convenience, we have written the general expression for the surface with b boundaries. We will restrict ourselves in this paper to non-intersecting curves with the following characteristics: each C I is piecewise smooth with K straight line intervals, s α /2π, as can be seen from the Gauss-Bonnet theorem. The angle terms arise from divergences in the geodesic curvature at the corners. We will require of the boundary conditions that the bulk curvature R g on the world-sheet is everywhere smooth, which implies that the world-sheet approaches any corner tangential to the plane of the loop containing that angle. This requirement is justified further below.
For rectangular, or right-angled, loops, the turning angle, δ
α =±π/2, for every I, α. The simplest closed loop with net turning angle 2π is a rectangular loop with four edges, K=4. The example shown in Figure 1 is a pair of coplanar nested rectangular loops, with I=2, K=4. The net turning angle for both loops vanishes, and there is no contribution to the Euler characteristic of the world-sheet from the corners. Thus, χ=0 in Eq. (5), for C i , C f , coplanar nested rectangular loops with four edges. It should be noted that, in general, the presence of corners is a violation of boundary Weyl invariance, giving a correction to the Liouville action [18] . Any pair of coplanar nested loops with arbitrary numbers of edges having net turning angle zero gives a Weyl invariant loop configuration in the critical spacetime dimension. In what follows, we will for the most part restrict the discussion to such configurations. An example is shown in Figure 2 .
Eq. (5) differs from the unconstrained sum over surfaces, familiar from the prescription for on-shell amplitudes in perturbative string theory, in the formulation of the Laplace boundary value problem on the world-sheet. Recall that setting the variation of the classical action to zero gives the boundary term:
We will require boundary reparameterization invariance of the amplitude: each point on the physical boundary, C, is identified with a point on the piecewise continuous world-sheet boundary ∂M, but only up to a boundary reparameterization. This implies the modified Dirichlet boundary condition on embedding functions:
, · · ·, p, and zero Dirichlet boundary conditions, X m | ∂M =0, m=p + 1, · · ·, c m in directions orthogonal to the brane volume. We will replace Eq. (7) with the equivalent condition:
The intrinsic world-sheet metric, g ab , now satisfies the same classical equation of motion as the embedding metric, γ ab . Thus, the physical length, L I , of the Ith spacetime curve, C I , is identified with the parameter length, l I , of the corresponding world-sheet boundary. There is one further condition arising at the corners, which we stated during our discussion of the Euler characteristic. The world-sheet must always approach a corner tangential to the plane defined by the angle. The reason we derive our boundary conditions from a variational principle is that we are integrating over quantum fluctuations around a classical background lying at an extremum of the action. Our requirement that the world-sheet approaches corners tangentially can be justified by noting the behavior of the classical solution. For the case considered here of two coplanar nested loops, the classical background is simply a world-sheet lying in the same plane, between the two loops, and the corner condition is satisfied. For more complicated situations one must check the proper corner behavior of the classical background. It appears to be generally true that such minimal surfaces have the correct smoothness properties, similar to the properties of soap bubbles coming from wire loops [19] . In what follows below, we implement diffeomorphism invariant boundary conditions satisfying this smoothness condition as constraints on the path integral quantization of the bosonic string. We perform the sum over world sheet metrics using an idea taken from [9] . We begin with the integration over all embeddings, (X m , X µ ), with fixed fiducial bulk metric, and fixed fiducial einbeins on the parameter boundary. We choose a fiducial metric on the worldsheet, ds 2 =ĝ ab dσ a dσ b , withê= √ĝ . Next we sum over world sheet metric deformations that leave fixed the parameterization of the boundary. Finally, we perform an integral over the "boundary data", {e(λ; l (I) α )}, summing I=1, · · · b, α=1, · · ·, K, for all bK intervals, restoring boundary reparameterization invariance. This last sum is defined as follows (see also the related ideas in [13, 18, 16] ).
A boundary state is specified by an einbein and an embedding function, (e,x µ ). In the application to string amplitudes with finite sized loops, the embedding function is specified, but we wish to leave its parameterization unfixed. The sum over einbeins implements reparameterization invariance on the boundary, and we must divide by the volume of the group of boundary diffeomorphisms, Diff ∂M . Thus, we need a reparameterization invariant measure for the path integration over einbeins. The unique choice is Polyakov's quadratic form for metric deformations [6] , restricted to any given boundary interval. Let λ be the circle variable parameterizing any boundary circle of the worldsheet, λ=t (I) a ξ a | C I , for any I, andê (I) = √ĝ | C I be the fiducial einbein, withĝ the fiducial world-sheet metric. Schematically then, a boundary reparameterization Σ∈Diff ∂M acts as:
where the λ α are points in the range 0 ≤ λ < 1, and λ varies continuously
is the fiducial map of the αth interval on the circle into the αth interval of the spacetime curve C I , and f (I) α (λ) is a diffeomorphism of λ on the αth interval of the circle. Schematically, the path integral has been decomposed:
where V ol[Diff M ] denotes the volume of the group of diffeomorphisms vanishing on the boundary, and V ol[Diff ∂M ] that of the group of boundary diffeomorphisms. In what follows, we will make this gauge fixing procedure explicit.
Gauge Fixing the Path Integral
The gauge fixing of world-sheet metrics and the path integration of metrics and embeddings proceeds as in [8, 10] , except that all harmonic functions on the world-sheet, scalars and vectors, (X, η a ), are orthogonally decomposed Ψ=ψ+ψ. The ψ vanish on the boundary, and theψ are harmonic functions taking valuesψ| ∂M =ψ on the boundary, where theψ are specified functions on the embedded curves C i , C f . Consequently, we will allow for fluctuations of the world-sheet fields on ∂M, subject only to the constraint that they preserve the normal direction to the brane, the fixed embedding of the spacetime curves, and the smoothness condition at any corners of the boundary, if present. We will assume the reader is familiar with references [8, 10] and simply assemble the different contributions to the path integral. Begin with the integration over embedding functions with fixed fiducial world sheet metric. We choose nested coplanar rectangular loops of spacetime perimeter length, L i , L f , and fixed spacetime separation, R, as shown in Fig.  1 . For each of c m scalar degrees of freedom, normalizing the path integration over harmonic functions vanishing on the boundary as in [8, 20] gives the result:
where the determinant of the Laplacian on scalars is computed with the zero Dirichlet boundary condition, and l is the cylinder modulus defined by the fiducial metric, ds
With this choice, the area of the world-sheet is normalized to l. There is no integration over embedding functions on the boundary since we consider the amplitude between fixed spacetime curves.
Next consider the integration over metric deformations vanishing on the boundary. As in [6, 7, 8, 20] , we isolate the dependence on symmetric traceless variations of the metric and divide out by the volume of the gauge group [Diff M ] 0 , diffeomorphisms of the world-sheet continuously connected to the identity and vanishing on the boundary. Normalize the path integrations on the cylinder as in [8, 20] :
where |δĝ| 2 is the Polyakov quadratic form for metric deformations, and J M (φ,ĝ) is the Jacobian from the change of variables to deformations of, respectively, the Liouville mode, δφ, diffeomorphisms, δη a , vanishing on the boundary, and the cylinder modulus, l, computed in [8] . Taking into account the contributions of the conformal Killing vector and zero modes of the Laplacian on vectors, ∆ 1 , the infinity from the integration over diffeomorphisms [dη] ′ĝ vanishing on the boundary is cancelled against the volume of the gauge group [Diff M ] 0 . The result is an integral over the cylinder modulus times the quantum functional integral for Liouville field theory:
where S boundary includes any boundary contributions to the action, including possible corners. S L [φ,ĝ] is the unrenormalized Liouville action [6] :
with integration norm given by:
We will treat the quantization of the Liouville field following [10] . Note that the quantum functional integral in Eq. (13) denotes all possible bulk and boundary deformations of the Liouville field. In particular, it receives corrections from the measure for diffeomorphisms on the boundary as is shown below.
We now perform the sum over metric deformations nonvanishing on the boundary, orthogonal to the modes summed in Eq. (12) . The metric on the world-sheet isĝ ab e φ , and the fiducial einbein induced on the boundary iŝ e= √ĝ . Note that a rescaling of the einbein can be absorbed in a shift in the Liouville field. Consider the Ith boundary circle with parameter λ=t
α is the length of the αth interval of the Ith boundary circle, and δρ is a rescaling of the einbein which can always be absorbed in a shift of the Liouville field on the boundary. The restriction of the quadratic form for metric deformations to the boundary, ∂M, gives a measure on the tangent space to the space of einbeins on any given interval (I, α labels are suppressed for clarity):
where the zero mode, δρ 0 [f (λ)], is the functional change in the length of the interval induced by a diffeomorphism.
2 Normalizing the path integrals as in Eq. (12):
where the Jacobian J ∂M is obtained as before, from a change of variables to deformations of, respectively, boundary diffeomorphisms, δf , and einbein rescalings, δρ. Since a rescaling of the einbein is absorbed by a shift of the Liouville field we can, with no loss of generality, set ρ=0. Consequently, the integration over [dδρ] can be consistently dropped from the path integral. The infinity from the integration over diffeomorphisms will be cancelled by the volume of the gauge group of diffeomorphisms on the boundary, Diff ∂M , which has no disconnected part (no modulus). Combining this analysis of boundary deformations with the bulk deformations in Eq. ( 12), we can write:
[dδφ]ĝ e φ e −|δg| 2 /2 .
(19) The factor in square brackets is the Jacobian, J M , derived in [8] . A is the world-sheet area, and the term in the denominator arises from conformal Killing vectors, if present. On the cylinder, n m =1, the world-sheet area, A=l, in the metric defined above, and we have a single conformal Killing vector. Thus,
The φ dependence is absorbed in the Liouville action. Let us explain the second term in Eq. (19) , the boundary Jacobian, J ∂M , in more detail. For any loop, I=1, · · ·, b, J ∂M arises from the product of individual determinants for each interval, s I α , α=1, · · ·, K. In the finite-sized loop amplitude application, diffeomorphisms act on the circle as a whole, identically on each of K intervals. However, diffeomorphisms on any one boundary are independent of the others and, consequently, the result is a product of b independent determinants. Here, b=2, and the worldsheet boundaries have a common parameter length, l. Thus on the cylinder,
A similar path integration arises in the problem of obtaining the off-shell propagator for a relativistic point particle, a discussion of which appears in reference [9] . See, also, the ansatz for a scalar quark loop given in [13] . Assembling Eqs. (11), (13), (14) , and (19), our result for the pair correlation function of piecewise smooth macroscopic loops, C i , C f , at fixed separation, R, is: 
Quantizing the Liouville field
We now treat the quantization of the Liouville field following [10] . We require that the loop amplitude preserve quantum conformal invariance. We begin by suppressing quantum fluctuations and restrict to the zero mode, φ 0 , noting that the classical equation of motion is that of a free scalar field in the regime φ 0 →−∞: the exponential potential is suppressed. We will preserve this asymptotic property in defining the quantum theory: the wavefunctions/operators of Liouville conformal field theory are required to match smoothly to free field states in the φ 0 →−∞ regime, characterized by momentum and occupation number alone. Quantum Liouville conformal field theory can be defined by a functional integral over a renormalized Liouville field, φ R , with conformally invariant free field norm:
The ansatz of [10] is that the effects of renormalization can be lumped in the potential, leaving a kinetic term for φ R with the canonical normalization of a free scalar field theory. Thus, we write:
where, S[φ R ], includes all possible renormalizable terms in the bulk, and on the boundary, that preserve both diffeomorphism and Weyl invariance. Note that a corner anomaly is a spontaneous breaking of Weyl invariance on the boundary, contributing an additional term not included in S[φ R ,ĝ]. As an aside, we note that at weak string coupling a corner anomaly only impacts the dynamics of the zero mode, φ 0 . It would be interesting to clarify the role of the corner contribution in the dynamics of the Liouville mode more generally. See the related analysis in the semi-classical quantizations of the Liouville field discussed in [13, 18, 16] .
In a Weyl invariant theory, the renormalized action S[φ R ,ĝ] takes the general form:
where Q, α, and β (I) , are constants determined by the requirement [10] that every term in Eq. (25) be a dimension one primary field, in a conformal field theory of vanishing total central charge: c m +c φ =0. The renormalized bulk and boundary cosmological constants, µ R , λ (I) R are arbitrary marginal couplings in the conformal field theory. With no loss of generality, we could set the boundary cosmological constant term on the cylinder to zero, retaining µ R .
The only mode of φ R that survives on the boundary is φ 0 , and the modes φ ′ R satisfy Dirichlet boundary conditions as in [7, 8, 9, 20] . Then, conformal invariance requires:
the upper sign matching the dimension of the cosmological constant operator as computed in a semi-classical c m →−∞ saddle point evaluation of the path integral for the Liouville field φ [13, 10] . For the flat space string amplitude application, we can choose c m =25, c φ R =1, such that the background charge, Q, vanishes. Choosing α= √ 2, the Hilbert space is found to have renormalizable operators of the form, e qφ R , for Re(q)≤0. The bulk theory on the world-sheet is that of 26 free scalar fields, with µ R , λ R , undetermined marginal couplings.
Thus, for Weyl invariant coplanar right-angled loop configurations, the Liouville mode entirely decouples in the critical spacetime dimension. Note that the expression in Eq. (22) holds for arbitrary loop lengths, L i , L f , and loop separation, R. It is interesting to compare with the propagator for punctual, or point-like, boundary states computed in [9] . There the world sheet boundaries were mapped to spacetime points and strictly speaking there is no longer a well-defined saddle point action for the path integral. In the next section, we will consider the opposite limit, L i , L f >> R, extracting the Wilson line potential for small loop separations [7, 11] .
Macroscopic loops in relative motion
Following [17, 23] , it is an easy extension to compute the pair correlation function for loops in relative motion. Consider a pair of coplanar nested rectangular loops with the plane of the loops aligned parallel to the (X 0 , X p ) plane. Let us rotate one of the loops relative to the other through an angle φ in the (X 0 ,X 25 ) plane. The loops are equivalently interpreted as the worldlines of scalar quarks with large, but finite, Euclidean propagation time, L i ∼ L f ∼ T , at fixed spatial separation R, and with relative slow velocity v in a direction, X p−1 , orthogonal to the plane of the loop. The parameter v=tanh(iφ).
The necessary changes to the static pair correlation function computed above are obtained as follows. It is convenient to complexify the pair of coordinates (X 0 , X p−1 ), which satisfy boundary conditions, X p−1 | C i =0, and δX 0 | C i ∝t a ∂ a X 0 , and the condition, X p−1 | C f =vX 0 , at the other endpoint. Parameterize the world sheet with open string endpoints σ 2 =0,1 at boundaries, C i , C f , respectively, and an open string loop parameterized, 0≤σ 1 ≤1. σ 1 is identical with the fiducial circle variable λ defined above. A complete set of eigenfunctions of the scalar Laplacian is composed from the basis:
where α takes value: −iu/π, or 1+iu/π. The velocity has been parameterized as v=tanhu. The remaining 22 embedding coordinates satisfy the zero Dirichlet boundary condition as above. The functional determinant of ∆ 0 takes the form:
where l is the inverse cylinder modulus defined above, and −∞≤n 1 ≤∞, n 2 ≥0. This is computed using zeta function regularization as in [8] :
Strictly speaking, since we will extract the u→0 limit from the result, we should introduce a regulator mass, M, for the n 1 =n 2 =0 zero mode, as in [8, 20] . This is left implicit in Eq. (29) . The infinite sum over n 1 is expressed as a contour integral by a Sommerfeld-Watson transform. The contour C runs counterclockwise from ∞+iǫ to −∞+iǫ. The result is:
The integrand has poles along the real axis. Writing the cotangent as −iCot(πz)=2/(1 − e −2πiz ) − 1, we can extract the contribution from the integral that is finite in the limit s→0:
plus terms of order ln|4πM|+O(M 2 ) when α=0. The term singular in the limit s→0 can be identified as the vacuum energy:
Combining Eqs. (31), (32), gives:
which can be written as the ratio of Jacobi theta functions. Setting u=0 and suppressing the n 2 = 0 term in the result recovers the cylinder determinant for a pair of scalars with Dirichlet boundary condition: [η(il)] −2 . Substituting in Eq. (22), we obtain an analogous result for the pair correlation function of macroscopic loops in relative motion:
The saddle contribution has been suppressed.
Effective theory of long strings
Consider Eq. (34) in the limit of large loop perimeter length, L i ≃L f ∼T , and small loop separation, R. More precisely, we consider maps from the parameter boundary, ∂M, to spacetime curves that are parallel straight lines of length T , with constant separation, R, taking the limit T >>R. Then the saddle point in Eq. (22) gives the perimeter of the loop rather than the area. We will verify that we obtain a 1/R term in the potential for long straight strings in this regime.
Begin by reviewing some expectations from gauge theory. Consider a rectangular Wilson loop R ′ T ′ , with edges of length R ′ , T ′ . Consider the limit
The long legs of the rectangle are interpreted as the proper time world-lines of a quark and antiquark. Then the loop expectation value takes the form a(T ′ )e −V (R ′ )T ′ , and V (R ′ ) is interpreted as the static quark-antiquark potential at fixed spatial separation R ′ . a(T ′ ) is some function with slower fall-off than an exponential. Generic considerations of a nonabelian gauge theory that confines, lead us to expect a crossover in the functional form of the heavy quark potential, V (R ′ ), from Coulomb behavior in the high-energy short distance regime:
to a linear plus inverse power law behavior in the low-energy confining regime:
α and β are known to be nonuniversal constants. Of greater interest is the universal constant, γ, first estimated analytically by Luscher et al in [4] : γ=−(d − 2)/24π in a d dimensional field theory model for the quantum dynamics. An intuitive derivation of the universal constant is as follows [12] : d is the number of degrees of freedom in a Gaussian effective field theory that describes the lowest energy fluctuations of the flux tube linking quark and antiquark. In d − 1 spatial dimensions there are d − 2 collective coordinates, X ⊥ i , i=1, 2, describing the transverse fluctuations of the flux tube. Quantization gives the Gaussian model in d − 2 dimensions: the 1/24π is the contribution to the Casimir energy from an infinite sum of harmonic oscillators in their ground state, with an independent sum for each bosonic degree of freedom. Irrelevant couplings to higher dimensional operators can induce interactions-and also determine the nonuniversal constants, α, β, but the effective field theory for the lowest energy fluctuations is universal. It should be noted that, in a scale invariant theory, V (R ′ ) would take the form −A/R ′ , with A a constant, independent of the spacetime dimensionality of the gauge theory [11] . Evidence that conformally invariant critical string theory can describe the effective theory of a Nielsen-Olesen vortex was previously given in [15] . We now return to the calculation of the effective potential in the Polyakov string theory.
Effective potential for long straight strings
Let us begin with the effective loop potential at small separations. Suppressing the bosonic string tachyon, at small R, the integral over l is dominated by the exchange of massless states in the open string spectrum, equivalently, long, and massive, closed string states. As in [17] , we consider nonrelativistic trajectories, r(τ ) 2 =R 2 +v 2 τ 2 , where τ is the zero mode of X 0 , and express the amplitude as an integral over proper time τ =it M , where t M is Minkowskian time. Defining the potential:
and taking the limit T →∞, as in [17, 24] , we obtain:
Consider the amplitude at small loop separations. Expanding in powers of e −2πl , as in the calculation of the effective potential for moving Dbranes [17, 24] , gives:
We now assume nonrelativistic velocities, tanh(u)∼u, Sin(ul)≃ul. Suppressing the leading tachyon divergence, we find that the subleading term due to exchange of massless modes in the open string spectrum gives a remnant static potential at u=0:
where the factor in square brackets is the result of the integration over the cylinder modulus l. Setting 24=d eff. −2, our result for the static potential is:
with d eff. =c m +c φ R . Note that terms comparable to the nonuniversal terms β, α present in Luscher's effective field theory analysis will be contributed by the saddle point action of the critical string path integral.
Point-like Loops and D-instantons
Let us begin by verifying the Coulomb potential for point-like loops at large spatial separation. Formally, the cylinder boundaries are mapped to points in space with fixed spatial separation R. These have been called punctual boundary states in [9] . Strictly speaking, the path integral does not have a well-defined saddle about which to compute quantum fluctuations in this limit. The integral over boundary reparameterizations is also superfluous and can be dropped as in [9] . For large separations, R→∞, the integrand can be expanded in powers of e 2π/l . The result is an expression of the form:
from which we surmise the static potential:
This has the characteristic −1/R 23 fall-off due to graviton-dilaton exchange in D=26 dimensions [24] .
It is natural to interpret the R→∞ limit of the pair correlation function of point-like loops computed in [9] as the potential for a pair of Dinstantons [24] : spatially separated events in spacetime at constant τ =τ 0 . The D-instanton potential is defined by simply eliminating the now redundant integral over τ in Eq. (37). For simplicity, consider the case N=1. This gives the Minkowskian potential:
Substituting η(il)=l −1/2 η(i/l), expand the integrand for large separations in powers of e 2π/l and extract the potential due to the exchange of massless closed string modes. This gives:
with the expected −1/R 24 fall-off for D-instantons in D=26.
Conclusions
The crossover from a Coulombic potential for point-like loops at large separations to an attractive 1/R potential for finite-sized loops at small separations, described by massless open string exchange, occurs at distances of order, r crit ∼O( √ α ′ v). This crossover behavior is generic both in the bosonic and fermionic string theories [17, 24, 26] . It is also indicative of the universal occurrence of a 1/R term in the long string potential at short distances, in any critical string theory without spacetime supersymmetry. Recall the result from [9] , where the cylinder was shown to factorize on intermediate states with poles in the propagator corresponding to both on-shell closed string physical states, plus additional poles attributed to Steuckelberg fields necessary to maintain off-shell reparameterization invariance (see the related analysis in [25] ). It would be interesting to understand the decoupling of unphysical ghostly states associated with boundary reparameterization invariance from the viewpoint of the modern interpretation of the pair correlation function of point-like loops as the D-instanton potential.
It would be unfortunate if the results described above worked exclusively for the example of coplanar nested rectangular loops in flat spacetime explored in this paper. We will now argue that this is not the case, and that the 1/R term is universally obtained from the pair correlation function of loops in a generic curved spacetime background of String/M theory. From Eq. (40), it is clear that the coefficient of the 1/R potential is determined by the number of effective dimensions of the string theory. The nonuniversal information contained in the detailed form of the saddle point action is determined by the geometry of the embedding and is therefore background dependent. However the saddle point action must reduce to a perimeter law in the long string limit. It is interesting to understand the minimal surfaces that describe saddle configurations for the string path integral, for arbitrary loops, and in general curved spacetime backgrounds: this subject has been the focus of the recent spate of work on Wilson loops in supersymmetric string theories in AdS spacetimes [27, 28, 29] .
The world-sheet embedding corresponding to the saddle point, for a given configuration of loops, and in a specific background geometry, must obey the boundary conditions listed in section 2.R g is required to vary smoothly on the worldsheet with fiducial metric, ds 2 =ĝ ab dσ a dσ b . The fiducial metric specifies a gauge slice in the space of metrics. This choice is determined by the saddle point configuration that dominates the string path integral. Thus,
where γ ab is the embedding metric in the worldvolume of the Dbrane. A constant curvature fiducial metric is a convenient choice in flat spacetime.
In the generic curved spacetime geometry, the fiducial metric on the worldsheet is required to agree with the embedding metric on the boundary of the loops. The saddle point configuration is also subject to the smoothness condition at corners, if present: the inward pointing normal to the boundary on the worldsheet is required to lie in the plane of the angle at a rightangled corner. A full quantum treatment of the pair correlation function for Wilson loops requires that we are able to solve the Dirichlet boundary value problem for scalar and vector Laplacians on this fiducial surface. A normal coordinate expansion of the Polyakov action for the sigma model may allow a solution of this problem in an O(α ′ ) expansion. Our claim is that the leading contribution from such a calculation will universally give a 1/R term for a large class of sigma models that are solutions to the beta function equations of string theory. This would be interesting to investigate further.
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